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ABSTRACT

In this article, a numerical method is presented to find a numerical solution (NS) of systems
of ordinary differential equations (SODEs) by using the Differential Transform Method
(DTM). Different kinds of linear systems of ordinary differential equations have been solved
using the presented method with the initial conditions; at any point, this method transformed
the SODEs into a series. Then it solved by using software MATLAB. Two different
examples have been presented to show the efficiency and activity of the method. The
solutions of the technique method outperformed the other methods in terms of accuracy and
quick convergence.
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1. Introduction

The DTM is a highly accurate approximation to exact solutions
that are differentiable. When compared to exact solutions, it has a
small error. Naturally, the DTM differs from conventional high-
order Taylor series (TS) since it needs more computation, and it
also requires the necessary derivatives [1]. Further, the DTM can
also be applied to higher-order differential equations (DEs), and it
is a substitute way to get TS solutions for the given DEs, for
example [2-4].

Furthermore, applied DTM to find NS of partial differential
equations (PDEs) in two dimensions in [5] and [6], and DTM was
also used to find NS of PDEs in two dimensions and in three
dimensions. Recently, [7-10] used DTM to solve a system of
PDE:s. All the above methods motivated us to think about the study
of the NS by using the presented method, DTM.

This article begins with the description of the SODEs; the NS is
obtained by using DTM, and at any point this method transforms
the SODEs into a series. It solved by using software MATLAB.

2. Numerical method DTM

The transformation of the oth derivative of a function in on offered
is a follow:

¥(©0) = 252 (D)]ror, Q)
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And the inverse transformation is well-defined by,
9(1) = X5=0¥(0)(T — 7o) (@)
See [8]

“The following theorems that can be deduced from equations (1)
and (2) are given below”:

Theorem (1). If 9(7) = 9, (1) £ I9,(7), theny, (0) * y,(0).
Theorem (2). If 9(t) = pd, (1), then y (o) = uy, (o), wherep is a
constant.

Theorem (3). If 9(7) = i 10) theny (¢) =

dmm '’

9(1) = 9, (0)9,(7),

(o+n)!

a!

yi(o + n).

Theorem (4). If
Zgl v1(01)y2(0 —01) .

then y(o) =
Theorem (5). If 9(r) =1", then y(o) = B(c —n) where

o-m=(3 7%

Theorem (6). If 9(t) = 9;(1)9,(7) ... 9,(7), then y (o) =
gn_lzo ZZZ:;:O 2220 Zgiz() Y1 (01)}/2 (0-2 -

01) . Op—1(On—1 — Op_2)¥n (0 — Op_1).

Theorem (7). If9(7) = e", then (¢) = :17—(: , where A is a constant.
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Theorem (8). If 9(7) = sin(wt + @), then y(o) = %Tsin (? +

a), where w and « is constant.

Theorem (9). If 9(7) = cos(wt + @), then y(0) = %Tcos (az—n +

a), when w and a constants.

The proofs of Theorems (1-6) are offered in [2], and the proofs of
Theorems (7-9) are offered in [10].

3. Numerical results

We present some Applications which are solved using DTM.
Application 3.1

Solve the homogeneous linear system.

ao,

i 9,(t)=0 3)
2—19: +9,(t)=0 4)

Subject to the initial condition

(1C)9,(0) = 1,9,(0) = 0 (&)
The EXS of this problem is:
9, (1) = cos(1),9,(t) = —sin (7) ©6)

“Taking the DTM to equations (3) and (4), applying the above-

mentioned, we obtain”
(0+Dyi(c+1) —y(0) =0
(6+ Dyl + D +y, (k) =0

With initial conditions (ICs) y,(0) = 1,y,(0) =0

Let 0=0,y,(1) = 0,y,(1) = -1
o=1,71(2) = 5,72(2) = 0
0=2,11(3) = 0,7,(3) = ¢
03, 71(4) = 5., 72.(4) = 0
0=4,11(5) = 0,1,(5) = —
=5, 71(6) = —=,72(6) = 0
(So the solution when n=6)

9;(1) = X8_,1%y;(0) Fori=1.2

1 1 1
9(0) =1 —512 +ET4 —ar6

1 1 1
9, =-1t+=1° —;TS = —<T——T3 +—T5)

3!

The results are shown in Table 1 and Figures 1 and 2 below.

Table 1: The results of Application (1)

Exact

pproximate | Approximate

v
L)

Error

Error of
of 91(7) | 95(7)
0

91(7) 91(7)
0 | 1.0000 0 1.0000 0 0.0000
0.1 ] 0.9950 | -0.0998 0.9950 -0.0998 0.0000 0.0000
0.2 0.9801 | -0.1987 0.9801 -0.1987 0.0000 0.0000
0.3 | 0.9553 | -0.2955 0.9553 -0.2955 0.0000 0.0000
0.4 0.9211 | -0.3894 0.9211 -0.3894 0.0000 0.0000
0.5 0.8776 | -0.4794 0.8776 -0.4794 0.0000 0.0000
0.6 | 0.8253 | -0.5646 0.8253 -0.5646 0.0000 0.0000
0.7 | 0.7648 | -0.6442 0.7648 -0.6442 0.0000 0.0000
0.8 ] 0.6967 | -0.7174 0.6967 -0.7174 0.0000 0.0000
0.9 0.6216 | -0.7833 0.6216 -0.7834 0.0000 0.0001
1 | 0.5403 | -0.8415 0.5403 -0.8416 0.0000 0.0001
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Figurel: Exact and Numerical solution for Applicationl

Application 3.2

Solve the non-homogeneous linear system [8]

dd,
dt

93(7) = —cos (1) ©)
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a5,

0 0.1 02 03 04 05
t

0.6 07 08 09 1

Figure2: Exact and Numerical solution for Applicationl

ar U3(1) = —e*
[5)
d_:_ 91(1) +9,(x) =0

Subject to (ICs) 9;(0) = 1,9,(0) = 0,95(0) = 2
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The EXS of this problem is

91 (1) = €7, 9,(7) = sin(1),95(t) = e* + cos (1)
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(13)

“Taking the DTM to equations (9), (10), and (11), and applying

the above-mentioned, we obtain”
Let U=O> }’1(1) = 1'}/2(1) = 1'}/3(1) =1
o=1,71(2) = 3,72(2) = 0,y3(2) = 0

1 -1
0:27 Y1(3) = E']/Z(B) = ?'Y3(3) =

1
6
0=3,y,(4) = i,yz(zl) =0,y3(4) = %

1

0=4,71(5) = 7=, 72(5) = 15

-
120 v3(5) = 12

0

(So the solution when n=5)
9;(1) = X5-07%y:(0) Fori=1,2,3

_ 12,1 3,1 4,15
191(T)—1+T+2!‘[ T AT T

1
T—=13+ =15

M =1-57 + g

95(1) = (1 +r+2112 +§r3) + (1 —%Tz +%T

The results are shown in Table 2 and Figures 3-5 below.

Table (2): The results of Application (2)

‘ Approximate of | Approximate of | Approximate Error of Error of Error of
J1(7) 92(T) of J; (7) 1(7) V2 (1) I3(7)

0 1.0000 0 2.0000 1.0000 0 2.0000 0.0000 0 0.0000
0.1 1.1052 0.0998 2.1002 1.1052 0.0998 2.1002 0.0000 0.0000 0.0000
0.2 1.2214 0.1987 2.2015 1.2214 0.1987 2.2014 0.0000 0.0000 0.0001
0.3 1.3499 0.2955 2.3052 1.3499 0.2955 2.3048 0.0000 0.0000 0.0004
0.4 1.4918 0.3894 2.4129 1.4918 0.3894 2.4117 0.0000 0.0000 0.0012
0.5 1.6487 0.4794 2.5263 1.6487 0.4794 2.5234 0.0000 0.0000 0.0029
0.6 1.8221 0.5646 2.6475 1.8221 0.5646 2.6414 0.0001 0.0000 0.0061
0.7 | 2.0138 0.6442 2.7786 2.0136 0.6442 2.7672 0.0002 0.0000 0.0114
0.8 | 2.2255 0.7174 2.9222 2.2252 0.7174 2.9024 0.0004 0.0000 0.0198
0.9 | 2.4526 0.7833 3.0812 2.4588 0.7834 3.0489 0.0008 0.0001 0.0323

1 2.7183 0.8415 3.2586 2.7167 0.8416 3.2084 0.0016 0.0001 0.0502
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Figure 3: Exact and Numerical solution for Application2
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Figure 4: Exact and Numerical solution for Application2
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Figure 5: Exact and Numerical solution for Application2
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4. Conclusion

In this paper, the DTM is used for solving the SODEs numerically.
Two numerical applications have been used to prove the efficiency
and activity of the presented method. This method can be extended
and applied to solve the Fredholm integral equations, Volterra
integral equations, mixed Fredholm-Volterra integral equations,
and system integral equations.
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