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Abstract   

This work aims to find the optimum design of electrostatic quadrupole lens and make the 
comparison between two different electrodes shapes which are computed with the aid of 
transfer matrices. Two types of electrostatic quadrupole lens, cylindrical convex electrodes, 
and cylindrical concave electrodes were used to find optimum field model, which was close 
to the field distribution for each design of the proposed lens.  

The path of charge-particles beam is traverse the field model has been determined by 
solving the trajectory equation of motion in Cartesian coordinates. Then, take the 
comparison of the optimum values of spherical aberration coefficients and resolution limits 
in both convergence and divergence plans for each proposed type. 

Keywords: Electrostatic, quadrupole Lens, spherical aberration, resolution limits, 
trajectory equation.  

 

 اليلاةا

للتلتيليا رالعيللا اك طللل  مللع ا للراا مقلريللا الليي يللمعيي مللي هلل   ت للدم هلل   الدراَللا كي للل د التةللميى اكمثللو لعدَللا ل رمَ
العدَللل  الكَلللتعليا ام للللهيى ايتقلللو المةللل مطل  و س؛لللداهمل  ا  س طللل  اَلللطماييا اَلللطمح م؛داللا ماكيلللرة  ا  ا طلللل  

للتلتيلي ابمثللو للللو تةلل ميى مللي العدَللل  الم ترضللا سعلللا و يللتى اَللطماييا اَللطمح مقعللر  لإي لللد سيمللم ج الم لللو الل رمَ
؛َللل  مَلللر ؛ مللا ال َلليمل  الم لل؛ميا الملللر  يلللاو سيمللم ج الم لللو اماَللطا ؛للو معلدلللا ال؛رلللا ل  للعا اللإ؛للداثيل  

 الللرتيل ي,و م د تى مقلريا القيى المثلد لمعلملا  ال يغ اللرم  م؛دمد الت؛ليو طي للا اليمم  يي الم ترضيليو
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Introduction  

Electron lenses are one of the principle 
components of the electron optics devices. 
Both electrostatic lens (electric field) and 
magnetic lens (magnetic field) are used to 
focuses charged particles; each type has its 
advantages and disadvantages. The focusing 
power of electrostatic lenses independent of 
the mass of the charged particles and 
depends only on their energy; therefore to be 
preferred over magnetic lenses when heavy 
particles of moderate energy must be 
focused. 

 There are numerous types of 
electrostatic lenses, each one of them 
classify according to electron-optical 

properties and domain of application. The 
first published work on electrostatic fields 
with rotational symmetry dates back to 1926 
[1].  The quadrupole lenses are second in 
importance only to the axisymmetric electron 
lenses. Quadrupole lenses began to be used 
in electron-optical devices in the 1950 s. 
These lenses have a high focal power and 
are used to focus the beams in high-energy. 
They produce fields with two mutually 
perpendicular planes of symmetry and two 
planes of asymmetry by means of four 
identical electrodes arranged symmetrically 
about the axis. Therefore, if the x-z plane of 
the lens collects the charged particles, the y-
z plane will cause them to diverge, i.e., the 
quadruple lens is astigmatic [2,3].

 

Lens Design 

     This work is concerned with the design of 
electrostatic quadrupole lens consist of four 
identical symmetric parts are cut out from 
cylinder. These four parts represent the 
concave and convex cylindrical quadrupole 
lens.  The effect of  changing the geometrical 
shape of electrodes for each design like; the 
angle of gape between electrodes (Г), where 
the ratio of cylindrical electrode radius (R) to 
aperture radius (a) is constant, electrode 
voltage ratios (V/V1), electrode thicknesses 
and spacing  between them, as well as the 
radial and longitudinal dimensions of the 

electrode. The particular electrode 
configuration may be found in the value of 
(K) (electrode shape) and then the excitation 
parameter of lens as active parameter is 
changing [4,16]. 

      Quadrupole lens is described as 
converging lens if the particles moving in x–z 
plane are deflected toward the z-axis and 
while described as diverging lens if the 
particles moving in y-z plane are deflected 
away from the z-axis [5]. In the current work, 
the electrodes shapes which taking into 
consideration are the cylindrical convex and 
cylindrical concave electrodes that generally 
used instead of hyperbolic electrodes due to 
the difficulties of fabricate.
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Figure 1. Electrodes of quadrupole lens: (a) cylindrical convex electrodes, (b) cylindrical 
concave electrodes [12,14]. 

The Potential Distribution 

Variation of the parameter K  
according to electrode shape gives 
different modes of potential 
distribution. In cylindrical coordinates, 
the potential a long the optical axis is 
given by the formula;[4].  

)2(cos)/()(),,( 2

1  arVzDzrV         (1)                                                         

where 1V   is the electrode potential 

(take 100 volt in the current study),  r 
is the of the radial displacement of the 
beam from the optical axis measured 
in (mm), θ is the angle between 
electrodes and z-axis measured in 
degree, and D(z) is the electrodes field 
(the quadrupole field components) 
which is equal to; [6].      

    )()( zfKzD                                       (2)                                                                           

Thus, )(zf  refers to function mode 

which is normalized to unity at the 
center 0z . 

       The parameter K (K1,K2) named 
the electrode shape, determined by 
the electrode geometry from K1 and 
K2 which is represented the 
coefficients of the electrode shape for 
cylindrical convex (K1) and cylindrical 
concave electrodes (K2)  respectively 
are described as equations; [4,6] 

      )/(ln/)(sin21 aRK                    (3)                                                                         

     /)(sin42 K                          (4)                                                                           

               

Where R  is the radius of cylindrical 
convex electrode equal to [4] 

  

      aR 2.1                                        (5)                                                                                             

     The effective lengths of the 
electrodes 1L  for convex electrodes, 

2L  for concave electrodes are given by 

relations [1]. 

      aL 1056.01       (6)                                                                                                              

  

      aL 451.02                                (7)  
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Where ℓ is geometrical length of 

electrodes. 

The Trajectory of Electron Beam 

         In the present work the polarities 
of each electrode of the x and y axes 
as shown in figure (1). Since the 
positive potential (+V1) is applied on 
the x–axis electrodes of the lens, then 
the positively charged particles will be 
repelled along the x–axis and will be 
directed towards the z–axis. The 
positively charged particles will be 
attracted by the negative potential (–
V1) along the y–axis of the lens.  

     The trajectory equations in 
cartesian coordinates for the charged 
particles beam traversing the field of a 
quadrupole lens are given by [3]: 

  0)(2''  xzfx                      (8)           

     

 0)(2''  yzfy            (9)                     

                                   

Where β is the excitation parameter 
given by the following relation [3]. 

 0

2

1

2 / VaKV                          (10)                                                                            

Where 
0V  acceleration voltage, 

''x  

and ''y  are the second derivatives with 

respect to z [7,8]. 

 Where )(zf  is the modified bell–

shaped field model as in figure (2) 
represents the intermediate case 
between the rectangular section of 
constant  maximum  value  1)( max zf     

in the region –zL ≤ z ≤ zL and beyond 
these boundaries it terminates in the  
form of a half bell - shaped field 
represented by the following function 
[3]. 

 

 22])/)((1[/1)( dzzzf L  when z  > Lz      (11)                                   

 

 22])/)((1[/1)( dzzzf L  when z < – Lz       (12)                                 

 

 Where d  is the axial extension of the 
field between the two points. 

 
Figure 2. Field distribution of a 
quadrupole lens (Modified bell–shaped 
model) [15]. 

 

The Spherical aberration  

      The Spherical aberration is the name 
given to the effect where the focal length of a 
lens will vary depending on how far you are 
from the centre of the lens.  What this 
means in reality is that a parallel rays of light 
entering the lens near its centre, will be 
focused less or more than a parallel ray 
entering near the edges of the lens.  In a 
quadrupole lens, the spherical aberration in 
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the gaussian image plane can be expressed 
as [3,9] and [14]. 

 )()( 23  psx CCMzix     (13)                                                         

 )()( 32  spy DDMziy     (14)                                                        

Where  α and  are the image side semi–
aperture angles in the x–z and y–z  plane, 
respectively. The coefficients C and D 

characterize the aberration in the 
convergence and divergence plane, 
retrospectively. The coefficient Cs determines 
the aberration of the real width image in the 
plane y = 0, and Ds  is that for the imaginary 
image in the plane of x = 0 [10]. 

   The spherical aberration coefficients C and 
D are given by the forms [7]. 
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And [7].   
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Also [7]. 
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Where 0  is the value corresponds to the 
position of the object and 1  to that of the 
image, and ( 1n ) for electrostatic 
quadrupole lens.The properties of the 
quadrupole lens are characterized by the 
parameter [7].  

221 dWx    for the convergence plane (19)                             

221 dWy   for the divergence plane 
(20).                           

 

 

The Limiting Resolution  

      The resolving power of any optical 
device is the ability to form two separate 
images of two point objects very close 
together. The theoretical limit of resolution of 
microscope is determined by the combined 
effect of chromatic and spherical aberrations. 
The practical resolution of any instrument 
also depends on the supplementary   
aberrations that arise from constructional 
defects, or the observer himself, or from 
mechanism of interaction between the beam 
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and the object to be observed. The 
resolution limit is given by equation [11].                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        

         4
1

3 )(61.0 CR                  (21)                                                                               

Where   is the electron wavelength  which 
is given by the form[11]. 

       
0

5.1
V

                            (22)                                                                            

 

Results and Discussion 

The axial potential distribution ratio 
( 1/)( VV  ) represented in equation (1) is 
plotted as a function of theta, as shown in 
figure (3) ,it is found that very close to 
modified bell-shaped model by use 
quadrupole lenses of cylindrical convex and 
cylindrical concave electrodes. This result 
agrees with the results mentioned in various 
references such as [6,12,13], and [14]. 

 

Figure 3. The axial potential distribution ratio ( 1/)( VV  ) as a function of θ for electrostatic 
quadrupole lens with  cylindrical (a)convex and (b) concave electrodes. 

 

The values of K  and   computed from 

equations (3), (4), and (10) are represented 

as a function of   as shown below in figure 

(4) which is illustrate in the increment in   

leads to firstly increasing in K  and   

arriving to maximum values of  K1 =1.097 and 

11.01   mm-1  at 55.45  for concave 

electrodes and has the same behavior in 

convex electrodes with K2 =1.273 and 

038.02   mm-1 at 55.45 . Then drop to 

low values (decreases). The excellent 

agreement shown with other literatures 

Baranova and Yavor in [1]. 
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Figure 4. (a) The coefficient of electrode shape K , (b) the excitation parameter β  as a 
function of gap angle Г. 

The trajectory equation of charge particles 

has been solved for the case of modified bell-

shaped model by using simplified 

transformation for equations (8) and (9). 

When 1 = 0.11mm-1, 2  = 0.038 mm-1, and z 

= 5-20 mm in case modified bell-shaped 

model. These equations describe the paths of 

charge particles in convergence and 

divergence plane respectively. In 

electrostatic quadrupole lens charge particles 

incident in the (x-z) plane different paths 

from that in the (y-z) plane, as shown in 

figure (5).  From figure (5) shows the charge 

particles in the convergence plane (x-z plane) 

is deflected toward the optical axis (z), while 

in the divergence plane (y-z plane) is away 

from the optical axis. i.e. the quadrupole lens 

is astigmatic, and the results is identify with 

that published by Baranova and Yavor in [1]. 

 

Figure 5. Trajectory of charge particles in electrostatic quadrupole lens with cylindrical (a) 
convex and(b) concave electrodes for both convergence (x-z) plane  and divergence (y-z) 
plane. 
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The estimation of optimization for spherical 
aberration coefficients in both convergence 
and divergence plane improved the effects of 
changing the electrode angle and the 
electrode shape of these lenses on the 
objective properties (spherical aberration 
coefficients), as shown in figures 6 and 7, for 
convergence and divergence plane, 
respectively.  

      Figure 6 shows the  proportionally 
relation between spherical aberration 
coefficient Cp1, Cp2 ,Cs1,Cs2 , and Г for the 
convergence plane in two electrode shapes, 
where the spherical aberration coefficient Cp1 
for  the  electrostatic quadrupole lens of 

cylindrical convex electrodes and Cp2 the 
electrostatic quadrupole lens of cylindrical 
concave electrodes are decreasing in  
negative value as Г is increasing  and  they 
have  a minimum values Cp1 =-69.156 and 
Cp2 =-14.284 at    = 55.45 .   

      The lowest absolute value of spherical 
aberration coefficients Cp1,and Cp2 are found 
after and before these minimum values. 

      The spherical aberration coefficients Cs1, 

and Cs2 have the same behavior in all rang of 

gap angle Г and the lowest absolute accurate 

values of these coefficients should be at range 
 5.465.44  . The minimum absolute 

values of Cs1 = 4.885 and Cs2 = 1.885 at 
55.45 .

 

 

Figure 6. The spherical aberration coefficients (a) Cp1 and Cp2, (b) Cs1 and Cs2 as a function 

of gap angle Г. 
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The spherical aberration coefficients Dp1 and 
Dp2 in divergence plane represented as a 
function of Г as shown in figure 7-a. 
According to figure 7-a we notice the values 
of Dp1 are always positive and increasing with 
Г up to maximum value (13.11) mm at Г = 
45° then happen slow drop then up to the 
same maximum  value at Г = 46.1°. 
Therefore drop sharply with increasing Г. 
While, the values of  Dp2 are always negative 
and decreases in  its absolute values with 
increment of Г until  (7.16) mm at Г= 
45.5°.then dropping with increasing Г. 

      The last parameter of spherical 
aberration coefficients are Ds1 and Ds2 

represented as a function of Г shown in 
figure 7-b, which has the same behavior for 
all values of Г.  The values of Ds1 and Ds2 
are always negative, and these values 
increases with Г increases. These 
parameters be have as constant values at 
Г≥44.5°. The Ds1 give us the better absolute 
value than Ds2 which is 1.12 mm at Г 
=45.55°. 

       One can be concluded from figures (6) 
and (7) that the variation of the four spherical 
aberration coefficients as a function of Г, 
give us the best values for the cylindrical 
convex electrodes for whole range of Г. 

 

 

Figure 7. The spherical aberration coefficients of electrostatic quadrupole   lens (a) Dp1, 

Dp2, and (b) Ds1, Ds2 as a function of gap angle Г. 
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       The resolution limit computes according 
to equation (21) and (22). Representing the 
resolution limits Rcs1 and Rcs2 as a function of 
Г shown in figure (8-a), which has the same 
curve behavior with minimum values   Rcs1 = 
0.001  nm at  Г = 45.15° , and Rcs2 = 
0.0029  nm at  Г = 45.55°. 

       While, the resolution limits Rcp1 and Rcp2 
represented as a function of Г shown in 
figure (8-b). The values of Rcp1 increasing 
with increment Г up to maximum values Rcp1 
= 0.002 nm, and the values of Rcp1 
increasing slowly with increasing Г up to 
maximum values Rcp2 = 0.002 nm, these 
maximum values happen at Г = 45.55 and 
then drop with increasing Г.  

       Representing the resolution limits RDs1 

and RDs2 as a function of Г shown in figure 
(9-a), which has approximately the same 
behavior with minimum values   RDs1 = 
0.00073 nm, and RDs2 =0.00292 nm at Г = 
45.55°. While the resolution limits RDp1 and 
RDp2 represented as a function of Г shown in 
figure (9-b). The values of RDp1 increasing 
with increment Г up to maximum values RDp1 
=0.0013 nm at Г = 45.05°, then happen 
slow drop and up to the same maximum 
value at Г =46.05°, therefore, drop sharply 
with increasing Г. Thus, the values of RDp2 
decreasing with increasing of Г until 
minimum values RDp2 =0.01162 nm at Г = 
45.55°, then increasing these values with 
increasing Г. 

 

 

Figure 8. The resolution limit of electrostatic quadrupole lens (a)Rcs1, Rcs2, and        (b) 
Rcp1, Rcp2  as a function of gap angle Г. 
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Figure 9. The resolution limit of electrostatic quadrupole lens (a)RDs1,       RDs2,  and (b) 
RDp1, RDp2 as a function of gap angle Г. 

 

Conclusions 
      The quadrupole lens system has many 
variable geometrical and operational 
parameters; thus conclusive result is rather 
difficult. However, from the present 
investigation one may conclude the following: 

a. It appears that the modified bell-
shaped field model very close to the 
axial field distribution of the 
electrostatic quadrupole lens of 
concave and convex electrodes and  it 
gives good properties.  

b. In general, the electrostatic quadrupole 
lens of concave electrodes gives the 
best result of all spherical aberration 
parameters and resolution limit ( or 
resolving power) than the electrostatic 

quadrupole lens of cylindrical convex 
electrodes. 
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