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Abstract 

In this paper, the state of non newtonian fluid of second order flow injected uniformly into 

the vertical channel with porous wall through one side of the channel. The equations which 

are used to describe the flow are the motion and the energy equations. It found that these 

equations are controlled by many dimensionless numbers such as Reynolds number (Re), 

Peclet number (Pe), Hartman number (M) and the material of fluid (    . The homotopy 

analysis method (HAM) is used to obtain the analytic solution for the velocity and heat 

transfer. The effect of each dimensionless parameters upon the velocity and temperature 

distribution is analyzed and shown graphically by using MATLAB package. 
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 انًستخهص 

اىَعادلاخ اىرٜ  فٜ قْاج عَ٘دٝح راخ جذاس ٍثقثح، ٍِ اىشذثح اىثاّٞح  دساسح ىجشٝاُ ٍائع لا ّٞ٘ذْٜٞ ٝرضَِ ٕزا اىثذث اُ

ع ٕٜ ٍعادلاخ اىذشمح ٍٗعادىح اىطاقح ٗقذديد ذذيٞيٞاً تاسرخذاً طشٝقح اىٍٖ٘٘ذ٘تٜ دٞث  ئاسرخذٍد ى٘صف دشمح اىَا

قَْا مَاٗجذ اُ ٕزٓ اىَعادلاخ ذذنَٖا اعذاد لاتعذٝح ٍثو عذد سْٝ٘ىذص ٗ،تيند،ٕاسذَاُ ٗث٘اتد اخشٙ ذخص اىَائع .  

 ٍج اىجإض اىَاذلاب فٜ ٕزا اىثذث  .ٗقذذٌ  اسرخذاً اىثشّاتذساسح  ذأثٞش ذيل الاعذاد اىلاتعذٝح اىَزم٘سج .
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Intrduction 

Fluid is that state of matter, which capable of changing shape and capable of flowing. Fluids may be 

classified as "Viscous" and "Perfect" according to whether the fluid capable of exerting shearing 

stress or not. Viscous is called Newtonian if the relation between stress and rate of strain (state of 

equation) is linear, otherwise is called non – Newtonian fluid .The flow of  Newtonian and   non –

Newtonian fluids in the porous channel has been subject extensive theoretical studies till date 

because many applications of them  in  different scientific fields. Examples, of such flow of fluid in 

vertical porous channel, is found in [11] as the simplest subclass for which one can hope to gain an 

analytic solution.                                                                                                                      

The flow of Newtonian and non – Newtonian fluids through porous channel has been investigated 

by numerous authors. The case of a two dimensional, incompressible, steady, laminar suction flow 

of Newtonian fluid in a porous channel was studied by Berman [5]. He has solved the Navier- 

Stokes equations by using a perturbation method for very low cross – flow Reynolds number. After 

his pioneering work, this problem has been studied by many researchers considering various 

variations in the problem [7,8]. 

Wang and Skalak [17] were the first persons who present the solution for a  three – dimensional 

problem of fluid injection through one side of a long vertical channel for Newtonian fluid .They 

have obtained a series solution for a small value of Reyonlds number and numerical solution for 

small and large Reynolds number. 

Huang [10] re- examined Wang and Skalak problem using a method based upon quasilinearization. 

Ascher [4], Sharma and Chaudhary [16] reconsidered the above –mentioned problem by 

introducing a second viscoelastic fluid. They obtained the second order perturbation solution by 

assuming that the cross– flow of Reynolds number is a small. 

Baris [6] continued the last mentioned research by substituting thermodynamically compatible fluid 

of second grade instead of Newtonian fluid. The used analytical method by Baris was traditional 

perturbation solution, which was one of old analytical methods. 

These scientific problems are modeled by ordinary or partial differential equations and should be 

solved using special techniques, because in most case, analytical solutions can't be applied to these 

problems. In resent years, much attention has been devoted to the newly developed methods to 

constant an analytical solution of these equations. One of these techniques is homotopy Analysis 

Method (HAM), which was introduced by Liao [14,15] and has been successfully applied to solve 

many types of nonlinear problems[1,2,11,12]. HAM is a powerful technique for solving linear and 

nonlinear partial differential equation for example the equation that appears in our problem. In most 

cases of nonlinear problems can be described by a set of governing linear equations with its initial / 

boundary conditions [14]. 

The paper was dependent upon work of Khalid, Ahmed [13]. They are investigated to find the 

velocity, heat transfer and pressure variation profiles of Newtonian fluid in a vertical channel with 

porous wall. The governing non- linear problems have been solved analytically by using HAM. In 

this paper, HAM is employed to find the velocity, heat transfer and pressure variation profiles of 

non- Newtonian fluid  of second order in a vertical channel with porous wall and examine 
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qualitatively the effect of non –Newtonian parameters (α,β) which are dimensionless numbers, 

Reynolds number Re, Hartmann number M, and Peclet number Pe on these value . 

Governing Equations: 

The study of second grad fluid in a vertical channel with porous wall is considered. Fig.1 

shows the physical model and coordinate system. A fluid is injected through a vertical 

porous plate at y=D with uniform velocity U. The fluid strikes another vertical 

impermeable plate at y=0.It flows out through the opening the plates, due the action of 

gravity along the Z-axis. The distance between the walls is assumed D, is a small 

compared to the dimensions of plates, i.e., L     . Due to this assumption the edge 

effects can be ignored and the isobars are parallel to the Z-axis. 

 

The Caushy stress tensor in such a fluid is related to the motion equations in the following manner 

[9]. 

T=-PI+µ            
 
                                                                                                                                                                                                                               

(1)  

where               

   
   

  
                                                                                               (2) 

                                                                                                                  

In this equation, P is the pressure, V is the velocity vector,                            ,           

are the material moduli of fluid, d/dt is the material derivative and                the two first 

Rivilin Eriksen tensor.  

Note that for      =0 equation (1) along with (2) descries of Newtonian fluid [13]. In addition to 

(1) the basic equations of the problem are in the following:    

                                                                                                                            (4) 

𝜌                                                                                                                          



VOL 7       NO 2      YEAR 2015 JOURNAL OF MADENT ALELEM COLLEGE   
 

39 

 

𝜌                                                                                                                (6) 

                                                                                                                                            Equations 

(4), (5) and (6) are the continuity, momentum and energy equations, respectively. Where 𝜌 is the 

density and (J  ) is Lorenz force vector. The fluid is assumed to be steady and laminar. 

Substituting the stress tensor T from (1) into (5) yields: 

𝜌                                                                                                           

                                                                                   

The velocity components corresponding to X ,Y ,Z direction respectively denoted by u ,v ,w, 

following [17] , we look for a solution, compatible with the continuity of the form : 

u=  
  

 
              ,v =-Uf(      ,   w=

    

 
                                                             (8)                                                                                                                                        

where   =   ⁄ and the prime denoted the differential with respect to   .                      

      The boundary conditions for the velocity field are : 

f(0)=0   ,  f(1)=1    f '(0)=0,   f '(1)=0,  f ''(0)=6                                                          (9)  

It follows from (7) and equation of motion that :   

  

  
 

  

               ) +f '''      (                     )                                                                                                                                                     

(10) 

  

  
        

  

 
      (             

   

         )   (       
   

         )                                                                                                                 

(11) 

Where the cross –flow Reynolds number ,Re, M is the Hartmann number, and α,β are the 

dimensionless numbers ,are defined through respectively. 

Re= 
   

 
    ,     M= 

   

 
    ,     

   

  
  ,  β= 

   

  
                                                          (12) 

Integrating (11) with respect to   ,obtained equation is: 

P(x,  ) = -
 

 
   

  

 
*     (     

 

 
    

   

      )   (
  

           )+                                                                                                                                          

(13) 

Where      is arbitrary function of x. different ion of the above equation with respect to x yields: 

  

  
 

  

 
*
  

        
  

       +  
  

  
                                                                           (14) 

Combining of (14) and (10)  
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               ) +f '''      (                     )             -   

  

 
*
  

  
      

  

  
     +                                                                                           (15) 

And  

 
  

   

  

  
              ) +f '''      (                     )                  (16) 

 It is apparent that the quantity in parentheses in (16) must be independent of  .Hence ,the following 

equation for f is: 

f '''                     (                     )  C                           (17) 

Where C arbitrary constant which takes value  

C=f''''(0)                                                                                                                     (18)  

   Now differentiating (17) with respect to   yields : 

                                                                             (19) 

by using (17) ,     can be written as  

     
    

                                                                                                         (20) 

 Where     is the constant of integration. Inserting      from (20) into (13) : 

P(x,    = - 
 

 
   

  

 
*     (     

 

 
    

   

      )   (
  

           )+  
    

                                                                                                                       

(21) 

from (21) ,the pressure variation in x and y direction can be written in dimensional form as follows: 

P(x) = 
             

    =  - 
 

  
             +

 

 
         )(

 

 
                                        (22)  

P(y) =  
             

    =   
  

 
 

 

  
           

 

 
          )                               (23) 

 

Note that the equations (10),(11),(13),(15),(16),(17),(19) and (21) becomes in Newtonian flow [13] 

where we put           . 

 

Equations for Temperature     3- Governing 

In this section ,temperature   field as below      

T=                                                                                                               (24) 
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where       are the temperatures of impermeable and porous plates, respectively and with constant 

value . Substituting(8)and(24)into (6) lead to the following equation: 

 
  

                                                                                                                    (25) 

where Pe =𝜌     k is the Peclet number .Equation (25)  is solved  subject to the boundary 

conditions  

       ,                                                                                                           (26) 

 

4- Solution Using Homotopy Analysis Method 

     In this section HAM is applied to solve (19) subject to the boundary conditions (9) .The initial 

guesses and linear operators are chosen in the following : 

                                                                                                                   (27) 

As the initial guess approximation for      is 

                                                                                                                          (28) 

    the auxiliary linear operator has the property: 

            
     

     
                                                                         (29) 

              are constant. Let p      denotes the embedding parameter and h indicates non 

zero auxiliary parameters .Then the following equation are constructed: 

                                                                                             (30) 

    p) = 0,                                                                                (31) 

           

             (                               )                                 

                                       =0                                                                                                                                                                   

(32) 

 or p=0 and p=1:  

f (   ) =     ),     f ( ;1) = f( )                                                                                 (33) 

When p increases from 0 to 1 then  f (                  ) to f( ).By using Taylor's theorem and 

using (33): 

 (         )+∑         
   ,      

 

  

          

   
                                           (34) 

           ∑       
                                                                                           (35) 

                                 are:     The 
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L[(                    
                                                                                            

The boundary conditions are:  

                               ,                                                     (37) 

        
          +Re∑              

   
   

 
      

   
   ∑                  

   
   
   

                
   

    
 
                                                    (38) 

   ,
                       
                        

                                                                                           (39)                                                                                                                         

                 find the solution of m th  -order deformation ,we shall use the symbolic software  

MATLAB up to first few order of approximation . We found the solution up to 3 th order 

approximation and they are: 

  =  

24Reh  -                  ((Mh/20)-(24αh)/5)-                           

            (Mh)/2+48αh)                                                   

                                                                    

                                            

  = 

                                                                        

                                                                         

                        ………………. 

    

                                                                              

                                                                                   

                           …………             

 

5- Convergence of Solution (4) 

We notice that the explicit analytical expression in eq.(34 ) contain the auxiliary parameter   .As 

pointed out by Liao [14] ,the convergence region and the rate of approximations given by the HAM 

are strongly depending on    . By means of so-called h-curve for the velocity profile figure (3). The 

range of admissible value of   for the velocity profile when Re=10, M=1, and     is      

       . Note that if           the series belong in [13]. 

6-Solution of Energy Equation  

  In this section HAM is applied to solve (25) subject to the boundary conditions (26) The initial 

guesses and linear operators are chosen in the following: 

                                                                                                                             (40) 

As the initial guess approximation for      is 



VOL 7       NO 2      YEAR 2015 JOURNAL OF MADENT ALELEM COLLEGE   
 

43 

 

                                                                                                                            (41) 

    the auxiliary linear operator has the property: 

                                                                                                                      (42) 

              are constant. Let p      denotes the embedding parameter and h indicates non 

zero auxiliary parameters .Then the following equation are constructed: 

                                   

                                                                                             (43) 

    p) = 0,                                                                                                         (44)  

                      (             )=0                                                       (45) 

 or p=0 and p=1:  

 (         ),  ( ;1) =  ( )                                                                                     (46) 

 

When p increases from 0 to 1 then   (                  ) to  ( ).By using Taylor's theorem and 

using (46): 

 (         ) +∑         
   ,        

 

  

          

                                             (47) 

           ∑       
                                                                                          (48) 

 

                                          

L[(                    
                                                                                         The boundary 

conditions are:  

                                                                                                                  (50) 

        
           +Pe∑          

   
                                                                            (51)                                                                                                                                         

   ,
                       
                        

                                                                                            (52) 

     find the solution of m th  -order deformation ,we shall use the symbolic software  MATLAB up 

to first few order of approximation . we found the solution up to 3 rd. order approximation and they 

are: 

    

                                 



VOL 7       NO 2      YEAR 2015 JOURNAL OF MADENT ALELEM COLLEGE   
 

44 

 

    

                                                ((MPe                       

                                                                    

                                                                         

                                     

    

                                                         288Peα    

                                                                          

                                …………………. 

7-Convergence of Solution (6) 

     The explicit analytical expression in eq.(47) contain the auxiliary parameter   .As pointed out 

by Liao [14] ,the convergence region and the rate of approximations given by the HAM are strongly 

depending on    . By means of so-called h-curve for the temperature profile figure (4). The range of 

admissible value of   for the temperature profile when Re=10, M=1, and     is         

    ,note that if           the series belong in [13].                                                                                                     

    

                                                                                                     

8-Results analysis 

In this section, we studied the effect of dimensionless parameters that governing the momentum and 

energy equations, upon the normal, tangential velocities and temperature of vesicant fluid of second 

order in a vertical channel. All results are plotted by MATLAB package. Figures (5,6) shows the 

effect of Hartmann number M on the normal and the tangential velocity components ( ), we keep 

Re=10,    and M has been given 0.001,1,5 and 15. The following results are observed: As 

Hartmann M increases, there is a small decreasing in normal and tangential velocity component 

range. Figure 7 shows the function which correspond to the velocity components have been plotted 

versus   for Re=1,10,20 fixed M=1,and    . For increase values of Reynolds number then the 

velocity increasing.                                                                

Figure 9 illustrates the effect of dimensionless parameter   on the normal velocity profiles for fixed 

Re=10,M=1 and  =0.002,2,4.5.It obvious from this this figure that the effect of   is very strong  on 

the normal velocity profile where it increases, and if we put   =0,then the velocity profile becomes 

in flow of Newtonian fluid cases[13]. 

Figure 10 depicts the tangential velocity for Re=10,M=1 and            It is obvious for this 

figure that the tangential velocity increases if the value of α             

Figures 11 and 12, the effects of section and injection have been investigated, as it showed by 

contours.  
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Figure 15 depicts the profiles of temperature in viscoelastic fluid in a vertical channel with porous 

wall .when Re=10,M=1,   1 that the effect of Peclet number on temperature profile was shown. 

According to definition of Peclet number was increased of uniform injection velocity. Due the 

convection effects, increasing of Peclet number led to intensity the temperature distribution in the 

channel. Figure 13 and 14 present the pressure variations in x and y directions, respectively when 

Re=10,M=1. From the evident the pressure variations will increase with increasing of non - 

Newtonian parameters         .                                                               
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